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1, INTRODUCTION 
In [l] a converse duality theorem was presented in which the conventional 
convexity assumptions were relaxed. However, the given proof was a bit 
tricky which made the reasoning difficult to follow. In addition, owing to a 
flaw in the arguments, a part of the theorem remains unproved, as was 
pointed out in [2]. The purpose of this note is to present a corrected and 
detailed proof for a slightly more general version of the theorem. 
2. MAIN THEOREM 
Letf:Rn-+Randq:p + Rk be two d@rentiable functkms with an open 
set U as the& common domain. Consider the two optimization problems, the 
Primal Problem (P.P.) and the Dual Probk (D.P.): 
P-P) $gf (49 c = {x E u : q(x) < O}l 
VW <z$gD 5% Y) 4 f (4 + Y’4W (1) 
D ={(x,y)~R% x Rk:y >O,&(x,y) =0} 
We are interested in finding conditions for the functions f and q such that if 
(5, j) is a solution to the D.P., then i solves the P.P. in a suitably defined 
domain U. 
THEOREM. Let (a, 9) solve the D.P. If 4 satisfies the minimum condition: (2) 
d(% 9) < w 5) (3) 
for all x # 4 and 11 x - 4 11 < I, some r > 0, then 4 solves the P.P. with U 
de$ined as the largest open set where #, 9) < 4(x, 9) hoti. 
l LX < 0 is defined as: x( < 0, i = l,..., n. 
4 a’b denotes the inner product of a and b in FP ; fz denotes the gradient off. 
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Proof. We begin by showing that the equation 
A&, Y) = 0 (4) 
has at least one solution a(y) in any neighborhood N(4, E), E < r, for everyy 
in some sufficiently small neighborhood N( j, S), 6 & 6, > 0. 
Let d denote $(a, 9) and define for 0 < E 6 r: 
ki = 3 49 aN={xE : /I x - 2 Ij = c}. (5) 
The minimum clearly exists and, moreover, kc > 0 by (3). 
By continuity of 4 and compactness of aN, the following inequalities hold 
for some 6 > 0 and some X such that 0 < h < E: 
I+@, Y)- $(x, 311 -=c 9, for all y E N(j, 6) and XEaN 
I$(x,Y) -$I -=c #e for all s E N(Z, h) and y E N(P, 6). 
(6) 
From (6): 
4(x, Y) > 4(x, 3) - @k, for all x E aN and Y E N(j, 6) 
+(x, Y) < 4 + &kc for all x E N(f, h) and Y E NC, 6). 
(7) 
These with (5) yield: 
4(x’, Y) > 4 + & > 4(x, Y) for all x’ E aN, all x E N(f, A), 
all y E N(j, 6). 
Hence, the differentiable function (of X) #(x, y) attains its minimum at some 
point in the interior of N(i, l ). At such points, say 2(y), Eq. (4) with the 
indicated quantifications holds. 
By (3), for ally E N(j, 6) and some 9 2 Z(y) E N(2, E), 
#a P) = @, Y) - (Y - 9)’ 4@) 3 4. (8) 
Since fory E N(j, 6) andy > 0, (3, y) E D, we have the inequality: 
R% Y) 6 B. (9) 
From (8) and (9) for every E such that 0 < E < Y: 
(Y - 9)’ 4w G 0 for all y E N(s, S), y > 0, 
some 3~ N(2, E), 6 > 0. (10) 
Since (10) holds, in particular, for all y 3 f, y E N( 3, a), we conclude by 
continuity of q that 
n(4 d 0, (11) 
which shows that 4 E C. 
DUALITY WITHOUT CONVEXITY 431 
The next step is to show that 
$‘q(S) = 0. (12) 
Let I = {i : 5% > 0). If I is empty, we are done. Thus, consider the set of all 
points y E N( j, S) satisfying: 
yi s pi rz 0 for all ;$I, 
O < Yi < ji for all iE1. 
Equation (10) yields, in particular, for all such points y: 
(13) 
Hence, since (14) holds for every 5, 0 < E < T, we conclude that 
n&q 3 0, all i E I. 
From (1 I) and (15) with the definition of I: 
j’q(i) = 0. 
(15) 
(16) 
To conclude the proof, we observe that for all x E C with U defined as 
indicated in the theorem: 
(17) 
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